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Abstract: In this paper, we first construct a Lie algebra L from rank 3 quantum torus, and show 
that it is isomorphic to the core of EALAs of type Ai with coordinates in rank 2 quantum torus. Then 
we construct two classes of irreducible Z-graded highest weight representations, and give the necessary 
and sufficient conditions for these representations to be quasifinite. Next, we prove that they exhaust 
all the generalized highest weight irreducible Z-graded quasifinite representations. As a consequence, we 
^ ' determine all the irreducible Z-graded quasifinite representations with nonzero central charges. Finally, 

, we construct two classes of highest weight Z"-graded quasifinite representations by using these Z-graded 

*^ I modules. 

. Keyvirord: core of EALAs, graded representations, quasifinite representations, highest weight repre- 

, sentations, quantum torus. 

. 

Q \ §1 Introduction 

Extended affine Lie algebras (EALAs) are higher dimensional generalizations of affine Kac- 
^ , Moody Lie algebras introduced in [1] (under the name of irreducible quasi-simple Lie algebras). 

They can be roughly described as complex Lie algebras which have a nondegenerate invariant 
form, a self-centralizing finite-dimensional ad-diagonalizable Abelian subalgebra (i.e., a Cartan 
subalgebra), a discrete irreducible root system, and ad-nilpotency of nonisotropic root spaces (see 
[2-4]). Toroidal Lie algebras, which are universal central extensions of q (^C\tf^ , ■ ■ ■ , t^^] (g is a 
finite-dimensional simple Lie algebra), are prime examples of EALAs studied in [5-11], among 
others. There are many EALAs which allow not only Laurent polynomial algebra C[tf ^, • • • , t^^] 
as coordinate algebra but also quantum tori, Jordan tori and the octonians tori as coordinated 
algebras depending on type of the Lie algebra (see [2, 3, 12-14]). The structure theory of the 
EALAs of type A^-i is tied up with Lie algebra gldiC) (8) Cq where Cg is the quantum torus. 
Quantum torus defined in [15] are noncommutative analogue of Laurent polynomial algebras. 



* Supported by the National Science Foundation of China (No. 10671160, 10471091), the China Postdoctoral 
Science Foundation (No. 20060390693), and "One Hundred Talents Program" from University of Science and 
Technology of China. 
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The universal center extension of the derivation Lie algebra of rank 2 quantum torus is known 
as the g-analog Virasoro-like algebra (see [16]). Representations for Lie algebras coordinated by 
certain quantum tori have been studied by many people (see [17-22] and the references therein). 
The structure and representations of the g-analog Virasoro-like algebra are studied in many 
papers (sec [23-27]). In this paper, we first construct a Lie algebra L from rank 3 quantum 
torus, which contains the g-analog Virasoro-like algebra as its Lie subalgebra, and show that it 
is isomorphic to the core of EALAs of type Ai with coordinates in rank 2 quantum torus. Then 
we study quasifinite representation of L. 

When we study quasifinite representations of a Lie algebra of this kind, as pointed out by Kac 
and Radul in [28] , we encounter the difficulty that though it is Z-graded, the graded subspaces 
are still infinite dimensional, thus the study of quasifinite modules is a nontrivial problem. 

Now wc explain this paper in detail. In Section 2, we first recall some concepts about the 
quantum torus and EALAs of type Ai. Next, we construct a Lie algebra L from a special 
class of rank 3 quantum, and show that L is isomorphic to the core of EALAs of type Ai 
with coordinates in rank 2 quantum torus. Then, we prove some basic propositions and reduce 
the classification of irreducible Z-graded representations of L to that of the generalized highest 
weight representations and the uniformly bounded representations. In Section 3, we construct 
two class of irreducible Z-graded highest weight representations of L, and give the necessary 
and sufficient conditions for these representations to be quasifinite. In Section 4, we prove that 
the generalized highest weight irreducible Z-graded quasifinite representations of L must be the 
highest weight representations, and thus the representations constructed in Section 3 exhaust 
all the generalized highest weight quasifinite representations. As a consequence, we complete 
the classification of irreducible Z-graded quasifinite representations of L with nonzero central 
charges, see Theorem 4.4 (the Main Theorem). In Section 5, we construct two classes of highest 
weight Z^-graded quasifinite representations. 

§2 Basics 

Throughout this paper wc use C, Z, Z_|-, N to denote the sets of complex numbers, integers, 
nonnegative integers, positive integers respectively. And we use C*,Z^* to denote the set of 
nonzero complex numbers and 7? \ {(0, 0)} respectively. All spaces considered in this paper are 
over C. As usual, if ui,U2, • ■ ■ ,Uk are elements on some vector space, we use {ui, ■ ■ ■ ,Uk) to 
denote their linear span over C. Let q he a, nonzero complex number. We shall fix a generic q 
throughout this paper. 

Now we recall the concept of quantum torus from [15]. Let be a positive integer and 
Q = ilij) he a u X u matrix, where 

qij G C*, qu = 1, qij = qj^ , for Q<i,j <v - 1. 
A quantum torus associated to Q is the unital associative algebra CQ[t^^, • • • , i^li] (or, simply 
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Cq) with generators t^^, ■ ■ ■ , and relations 

tit^^ = t^^ti = 1 and titj = qijtjti, ^ < i,j < u — 1. 
Write = t'^H'P^ ■ ■ ■ C-!r' for m = ("^o, mi,---, m^-i). Then 

^0<i<i<i/-l ^ 



where m, n G Z*^. If Q = ^ ^ ^ _^ ^ , we will simply denote Cq by Cq. 

Next we recall the construction of EALAs of type Ai with coordinates in Cg2. Let Eij be the 
2x2 matrix which is 1 in the (z, j)-entry and everywhere else. The Lie algebra r = 5/2(0^2) 
is defined by 

where 1 < i,j,k,l < 2,m = (717.1,7712) and n = (771,7x2) are in Z^. Thus the derived Lie 
subalgebra of r is r = sl2{Cg2) © {I{t"^) | m £ Z^*), where / = En + £^22, since q is generic. 
And the universal central extension of r is r = r © {Ki,K2) with the following Lie bracket 

[X(t'"), Yin] = Y{n]o + <5™+n,og'"^^"^ {X, F)(miKi + m2if2), 

Ki, K2 are central, 

where X(t™),y(t") € r and {X,Y) is the trace of XY . The Lie algebra r is the core of the 
EALAs of type Ai with coordinates in Cq2. If we add degree derivations d\,d2 to r, then 
T © ((^1,^2) becomes an EALAs since g is generic. 

Now we construct our Lie algebra. Let 

Q 

Let J be the two-sided ideal of Cq generated hy 1^ — 1. Define 

L = Cq/J = {tit{4 \ieZ2, j, keZ), 

be the quotient of Cq by J and identify Iq with its image in L. Then the derived Lie subalgebra 
of L is L = {tQt"^ \ m G Z^*) © (^o^"^ I ^ ^ Zi"^). Now wc define a central extension of L, which 
will be denoted by L = L © (ci, C2), with the following Lie bracket 




ci , C2 are central, 

where i,j € Z2, m = (mi,m2) and n = (ni,n2) are in Z^. One can easily see that (tot™ | m € 
Z^*) ® (ci, C2) is a Lie subalgebra of L, which is isomorphic to the g-analog Virasoro-like algebra. 

First we prove that the Lie algebra L is in fact isomorphic to the core of the EALAs of type 
Ai with coordinates in 0^2. 

Proposition 2.1 The Lie algebra L is isomorphic to r and the isomorphism is given by 
the linear extension of the following map ip: 



ci Ki, C2 >->■ 2K2, 



where titl'^'-^Hl^"', tltl'^H'^' G L. 

Proof We need to prove that ip preserves Lie bracket. First we have 

[(-i)^(?-™2^i2(tro + ^2i(C'^'o> i-iyq-^'EuitTtT) + £^2i(tr+'tr)] 

= ^(-l)Jg"*2(2ni+l) _ (■_l)iqn2(2mi+l)^ ^(-l)^+J£;ii(t^i+"^+4^2+"'2) 

+ ^-m2-n2^22(tr^"'^^*r'^"')) 

+ <5„^,+„i+i,o5m2+n2,o(-iy'7'"^('"^+') + m2K2) + (mi + l)i^i + m2i^2) 

= ^(_l)Jg"»2(2ni+l) _ (■_]^-)ign2(2mi+l)j ^(-l)*+-?.Eli(t^^+"^"'"^t™^"'""^) 

+ ^-m2-n2^22(tr'^"''*"^*r^"')) 
+ 0(5^1 +ni+l,0'5m2+n2,0(-iy9"*^^'"i+'H(2mi + l)Ki + 2/712^2) 

On the other hand, we have 

^+4^2] = ({-ly q"'^i^^^+^) - (_l)i^{2mi+l)n2^i^+ii2mi+2ni+2^m2+n2 

+<Ji+,-,0^2mi+2ni+2,0<5m2+n2,0(-lV9"^^('"^+'H(2"ll + l)ci + ^202) 

Thus 

^([t^t^^+it™^),t^ot^+it^'^]) = [v.(t^t^^+^tr),^(i'oi^^+'*r)]- 
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Similarly, we have 

+ <5mi+ni,0<5m2+n2,0^i+j,09^"'^"H2'7ll-f'^l + 27712^2), 



and 



r,i ,2mi,m2 j.j^2ni,n2] _ ( Jlni'znx „2min2 \ j.2mi+2ni ,m2+n2 
Fo*-! '-2 5 '-O'-l ''2 J — W ~ 9 ''I ''2 

+<^i+j,0<^mi+m,0'^m2+n2,0«^'"^"n2™'lCl + m2C2). 



Therefore 



Finally, we have 

= [(-1)^9— ^Ei2(c^o + ^2i(c^+'o> ) + r"^^22(irir )] 

= (|(-iyg2m2ni _ gn2(2mi+l)^ (^(-l)^+J5-"^2-"2Ei2(tr^"'*r^"') + -E2i(Ci+"i+4^2+"2)) , 

and 

j-^i ^2mi+l^m2 ^^2ni^n2j _ (^(^_l)ig2m2ni _ gn2(2mi+l)-j^«+i^2mi+2ni+l^m2+n2 

Thus 

This completes the proof. □ 

Remark 2.2 From the proof of above proposition, one can easily see that §12(0^2) = L 
and T = L. 

Next we will recall some concepts about the Z-graded L-modules. Fix a Z-basis 

mi = (mii,mi2), m2 = (m2i, 77122) e Z^- 

If we define the degree of the elements in {t^t^^'^^''^'^ G L | i € Z2,fc G Z) to be j and the 
degree of the elements in (ci,C2) to be zero, then L can be regarded as a Z-graded Lie algebra: 

Set 

L+ = ^ Lj , L_ = ^ Lj . 



Then L = ©jgz-^j and L has the following triangular decomposition 

L = L- eLo e-L+. 

Definition For any L-module V,ifV = ©mezHn with 

Lj ■ Vm C Vm+j, ^ j,me Z, 

then V is called a Z-graded L-module and Vm is called a homogeneous subspace ofV with degree 
m G Z. The L-module V is called 

(i) a quasi-finite Zi-graded module if dimV^ < co, Vm G Z; 

(ii) a uniformly bounded module if there exists some AT G N such that dim < N, y m E Z; 

(iii) a highest (resp. lowest) weight module if there exists a nonzero homogeneous vector v G Vm 
such that V is generated by v and L+ • = (resp. L_ ■ u = 0); 

(iv) a generalized highest weight module with highest degree m (see, e.g., [31]) if there exist a 
Z-basis B = {bi,b2} of Z^ and a nonzero vector v E Vm such that V is generated by v 
and 4*" ■ V = 0, V m G Z+bi + Z+b2, i G Z2; 

(v) an irreducible Z-graded module if V does not have any nontrivial Z-graded submodule (see, 
e.g., [29]). 

We denote the set of quasi-finite irreducible Z-graded L-modules by Oz ■ From the definition, 
one sees that the generalized highest weight modules contain the highest weight modules and 
the lowest weight modules as their special cases. As the central elements ci, C2 of L act on 
irreducible graded modules V as scalars, we shall use the same symbols to denote these scalars. 

Now we study the structure and representations of Lq. Note that by the theory of Verma 
modules, the irreducible Z-graded highest (or lowest) weight L-modules are classified by the 
characters of Lq. 

Lemma 2.3 (1) If m2i is an even integer then Lq is a Heisenberg Lie algebra. 
(2) // m2i is an odd integer then 

Lo = {A + B) ® (miici -I- TO12C2), 

where A = {tQt^^"^'^ ,m2ic-i -\- m^ic^ j J G Z) is a Heisenberg Lie algebra and 

B = (4^^■'"^^g^('^■+^)'"^m2lCl +m22C2 I j G Z), 

which is isomorphic to the affine Lie algebra A^^^ and the isomorphism is given by the linear 
extension of the following map (p: 
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m2ici + m22C2 1-^ ii'. (3) 

Moreover, we have [A, B] = 0. 

Proof Statement (1) can be easily deduced from the definition of Lq. 

(2) ToshowB^4^\ we need to prove that preserves Lie bracket. Notice that 

^ ^-i((2j+l)2+(2Z+l)2)m22m2i _ (^-l)k^(^Eu - ^22) 

+ 5,+;+l,0((-irj + (-l)'=(i + l))i^), 

and 

j^i^^(2j+l)m2^^fc^(2A;+l)m2j ^ ((-1)'= - (_l)«)g(2i+l)(2fc+l)m22m2l^^+fc^(2j+2A:+2)m2 

+5,+fe,0<^j+fc+l,o(-l)^('^+')(''=+')'"^^"'^H2j + l)(m2lCi + m22C2). 

One sees that 

0([4t(2i+l)m2^^fe^(2fc+l)m2]-) ^ ^^(^i^^(2j+l)m2)^^(^fc^(2fc+l)m2^]_ 

Consider 

-^22)(x^') + |i^),r^^''+'''™^^™^n(-l)''^i2(a;0 + ^2i(a;'+^))] 

= -g-|(4i'+(2i+l)')m22m2i(2(_l)fe£;i2(x'+^) - 2£;2l (x'+^+l)) 

and 

^^1^2im2 ^fe^(2/+l)m2j ^ 2g2j(2«+l)m22m2i^fe+l^(2j+2i+l)m2 

we have 

</)([i^t2^™2,igi(2i+l)m2]^ ^ [^^^1^2jm2^^^(^fe^(2i+l)m2)]^ 

Finally, we have 

[_q-2fm22m2i(^(^Eu - E22){x^) + ^K) , -q-'^^^"'^^'^^^ {{En - E22){x^) + \K)] 

and 

= 2ig4^'-22-^i,5,+i,o(m2iCi +m22C2). 

Thus 

^{[tit^^^\tit''^^]) = [<f>{tit'^'^^),ci>{ty'^% 



This proves B = A^^^ . And the proof of the rest results in this lemma is straightforward. □ 

Since the Lie subalgebra B of Lq is isomorphic to the affine Lie algebra A^-^\ we need to 

collect some results on the finite dimensional irreducible modules of ^4^^^ from [30]. 

Let v > and /x = (/Xi,/Lt2, • • • , fJ,u) be a finite sequence of nonzero distinct numbers. Let 

Vi, 1 < i < v he finite dimensional irreducible sZ2-modules. We define an A^^^-* -module V{fi) = 
(2) ^2 (8) ■ ■ ■ (8> K as follows, for X e shj G Z, 

V 

X(x^) ■ {vx® V2® ■ ■ ■ ® Vj,) = ^\i\vx® ■ ■ ■ ® (X ■ ® ■ ■ ■ ® v^, K ■(yx®---®Vv) = Q. 
Clearly V{ii) is a finite dimensional irreducible A^^^^-module. For any Q{x) e C[x^^], we have 

V 

X(Q(x))-(yi®---^K) = 0, VXgs/2 ^ I Q(x). 



i=\ 



Now by Lemma 2.3(2), if 77121 is an odd integer then we can define a finite dimensional irreducible 
Lg-module V = V\® ■ ■ ■ ®Vy os, follows 

i=l 

^(2j+l)m2 .(vi0---®Vy)= g-5(2j+l)'"»22"»2l f{-iy J2 nivi ® • • • {Ex2 ■ Vi) ^ ■ ■ ■ 

^ i=l 
u . \ 

+ E fJ'i Vl 0---(g) {E21 ■ Vi) (g) ■ ■ ■ (S) Vu) , 

i=l ' 
{m2\C\ -\-m22C2) ■ {v\® ■ ■ ■ ®Vy) = \l v\® ■ ■ ■ ®Vy ^ G Z,i G Z2, 

where > 0, = {ni, 112, ■ • • , IJ-v) is a finite sequence of nonzero distinct numbers, Vi, 1 < i < v 
are finite dimensional irreducible sZ2-modules, and is a linear function over A. 

Theorem 2.4 ([30, Theorem 2.14]) Let V be a finite dimensional irreducible A^^^ - 
module. Then V is isomorphic to V{ii) for some finite dimensional irreducible sl2-modules 
Vi, - ■ ■ ,Vi, and a finite sequence of nonzero distinct numbers fj, = (/xi, • • • , fx^). 

Prom the above theorem and Lemma 2.3, we have the following theorem. 

Theorem 2.5 Let m2i be an odd integer and V be a finite dimensional irreducible Lq- 
module. Then V is isomorphic to V{fx,ilj), where Vi, ■ ■ ■ ,Vy are some finite dimensional irre- 
ducible sl2-modules, /x = (/xi, • • • , jiy) is a finite sequence of nonzero distinct numbers, and ip is 
a linear function over A. 



Remark 2.6 Let m2i be an odd integer and V{iJ,,'tp) be a finite dimensional irreducible 
Lo-modules defined as above. One can see that for any k E Z2, 

(E 6ig5(2i+i)'m22m2iife^(2i+i)m2) . (Vi ^ ■ ■ ■ ® V^) = 0, and 

i=l 
n 

(E hiQ^^ '^^^'^^Hlt^'''^^) • (1^1 ® • • • = 0, 

if and only if ]Xi=i{x - in) \ (ElLi ^i^')- 

At the end of this section, we will prove a proposition which reduces the classification of 
the irreducible Z-graded modules with finite dimensional homogeneous subspaces to that of the 
generalized highest weight modules and the uniformly bounded modules. 

Proposition 2.7 IfV is an irreducible Z-graded L-module, then V is a generalized highest 
weight module or a uniformly bounded module. 

Proof Let V = ©mez^- We first prove that if there exists a Z-basis {bi, of Z^ and a 
homogeneous vector v such that t^t^^ ■ v = t^t^"^ - v = 0, V i G Z/2Z, then F is a generalized 
highest weight modules. 

To obtain this, we first introduce the following notation: For any Ac Z^, we use t^ to 
denote the set {t°-\a G A}. 

Then one can deduce that i«iNbi+Nb2 . ^ _ V i G Z/2Z by the assumption. Thus for the 
Z-basis mi = 3bi + b2, m2 = 2bi + b2 of Z^ we have 4*^+'"'+^+™^^^ = 0, V i G Z2. Therefore 
y is a generalized highest weight module by the definition. 

With the above statement, we can prove our proposition now. Suppose that V is not a 
generalized highest weight module. For any m G Z, considering the following maps 

^0^-mmi+m2 . ^ Vo, tlt-^'^^+^^ : ^ Fq, 

^0^(l-m)mi+m2 . ^ y^^ ^l^(l-m)mi+m2 . y^ ^ y^^ 

one can easily check that 

keri°t-"*™i+'"2 pkgr^t"'"™'^"' nker^t^^"'"^"'^'"' = {0}. 

Therefore dimV^ < 2dimVb + 2dimVi. So F is a uniformly bounded module. □ 

§3 The highest weight irreducible Z-graded L-modules 

For any finite dimensional irreducible Lo-module V, we can define it as a (Lq + L+)-module 
by putting L+u = 0, V v G F. Then we obtain an induced L-module, 

M+(y, mi, m2) = l^di^+L+V = U{L) ®u{l,+l+) V ~ t/(L_) ® V, 



9 



where U{L) is the universal enveloping algebra of L. If we set V to be the homogeneous 
subspace of M+(y, mi, m2) with degree 0, then M+(F, mi,m2) becomes a Z-graded L-module 
in a natural way. Obviously, M+(V, mi, has an unique maximal proper submodule J which 
trivially intersects with V. So we obtain an irreducible Z-graded highest weight L-module, 

M+(y,mi,m2) = M+(y,mi,m2)/J. 

We can write it as 

M+(y,mi,m2)= V-i, 
iez+ 

where V-i is the homogeneous subspaces of degree —i. Since L_ is generated by L_i, and L+ 
is generated by Li, by the construction of M+(V, mi, m2), we see that 

L-iV-i = V-i-i, V i G Z+, (3.1) 

and for a homogeneous vector v, 

Li-v = Q =^ v = 0. (3.2) 

Similarly, we can define an irreducible lowest weight Z-graded L-module M~(V,mi,m2) 
from any finite dimensional irreducible Lo-module V. 

If m2i e Z is even then Lq is a Heisenberg Lie algebra by Lemma 2.3. Thus, by a well-known 

result about the representations of the Heisenberg Lie algebra, we see that the finite dimensional 
irreducible Lo-module V must be a one dimensional module Cvq, and there is a linear function 
tp over Lq such that 

4*^"^ • vo = ^'(4*'"') • ^0, Hm2ici + m22C2) = 0, V z G Z2, J G Z. 

In this case, we denote the corresponding highest weight, resp., lowest weight, irreducible Z- 
graded L-module by 

{ip, mi, m2), resp., M~ {ip, mi, m2). 

If m2i is an odd integer then V must be isomorphic to V{iJ,,ijj) by Theorem 2.5. We denote 
the corresponding highest weight, resp. lowest weight, irreducible Z-graded L-module by 

M+(//, V',mi,m2), resp., M~ {|^,^p, mi, m2). 

The irreducible Z-graded L-modules M+('0, mi,m2) and M+(/i, ■0, mi, m2) are in general 
not quasi-finite modules. Thus in the rest of this section we shall determine which of ^ and ^ 
can correspond to quasi-finite modules. 
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For the later use, we obtain the following equations from the definition of L, where, a = 
miim22 - mi2m2i G {±1}, 

|-^i^mi+fcm2 ^r^-mi+sm2^im2j 

_ ^i(-TOi2+sm22)m2i J^^mi+fem2 ^r^-mi+(s+i)m2j 

_ q—miimi2—kmiim22+smi2rn2i+ksrn2irn22^_-^'^r{mii+km2i) ^ 

^ ^l']^ _ ^_Y-^{j+r)mii+{kr+js+ji)m2iq{k+s+i)a^^J^+r^{k+s)m2^im2 

+Sk+s+i,oSj+r,m~^''''"^'"''''^'' {{mil + km2i)ci + {mu + km22)c2)) , (3) 

|-^s^fcm2ji.im2 ^r^-mi+jm2j 

_ ^fcim22"i2i j^s^(A:+i)m2 ^r^-mi+jm2j 

_ qkm22{—mii+jm2i) ^_-^^{rk+ri)m2i ^q-ia _ ^_-^Ymii+{rk+ri+sj)m2i ^ka^ ^ 

^ ^r+s^-mi+(fc+j)m2^im2 j-^^ 

In the rest of this section, if P(t™2) = ^^^^ a-^jma ^ c[t'"2] then we will denote X;r=o ai^'*'™^ 
by P(6t™2) for any 6 G C. 

Lemma 3.1 Let m2i be an even integer. Then M^('0,mi,m2) G Oz if and only if there 
exists a polynomial P(i™2) = Y17=o Oj**™^ G C[t™2] with aoa„ 7^ such that for k E Z2, 

^(tlt''"'^P{t"'^) - + '5j-,o«-ifc9"''''"''"'''/3) = 0, (3.5) 

where = if k ^ {0,1, ■■■ , n}, and a = miim22 — mi2m2i G {±1}, /3 = muci + mi2C2. 

Proof Since m2i is an even integer and miim22 — mi2m2i G {±1}, we see mn is an odd 
integer. 

"^>". Since dimy_i < 00, there exist an integer s and a polynomial P{t"^'^) = J2^=q Oj**'"^ 
G C[t™2] with aoUn 7^ such that 

^0^-mi+.m2p(^m2).^^^0 

Applying foj- ^j^y A; G Z, j G Z2 to the above equation, we have that 

n 

= . ^0^-mi+.m2p^^m2) . ^ ^^^i^mi+fcma ^ ^.^0^-mi+.m2^im2] . 

«=0 
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Thus, by (3.3), we have 

Therefore this direction follows. 

. By induction on s we first show the following claim. 

Claim. For any s € Z+, there exists polynomial Ps{t"^'^) = Eiez ^ C[i™2] such 
that 

{tlt'^'^^Psif^^) - {-lyq'^Hlt^'^^PsiqH'^^) + S^^Qas-kq~''^"'^^'^^^p) ■ = 0, 
^r^-mi+fcrnap^^^ma) . = Q, V r € Z2, G Z. 

For s = 0, the first equation holds with Po(i™^) = -P(t™^) (with P being as in the necessity), 
and by (3.2), the second equation can be deduced by a calculation similar to the proof of the 
necessity. Suppose the claim holds for s. Let us consider the claim for s + 1. 

Note that the equations in the claim are equivalent to 



mt"^') - {-lytlQiqH^^) + <5,,oaQ/3j • V.s = 0, 

^r^-mi+fcm2g^^m2^ . ^ VrGZ2,A;€Z, (6) 

for any Q(t'"2) g C[t^'^^] with Psif^^) \ Qi^^^), where qq is the constant term of Q(t'"2). 

Let Ps+lit""^) = P,(g"t'"2)p^(im2)p^(g-a^m2)^ ^^^^ 

Ps{t^^)\Ps+i{t"''), Ps{t^') \ Ps+i{<l"t"'') and Psit^^)\Ps+i{q-''t^'). 
For any p,r E Z2, j, A; G Z, by induction and (3.4), we have 

= tSi'''"'^.+i(i"') - (-l)"g'=°tS«''™'^.+i(9"i'"') + <^r,oa.+i,-fe9-'='"^^^"*^^/3,«Si"'"^+^'"^] • 

_ q-km22mii+kjm22m2i ^^^"'"^'i~'"i+(^+j)'"2 ^g-a^m2 _ 2( — l)''g^"P5_|_x(t™2) 

= 0. 

Thus, by (3.1) and (3.2), we obtain that 
(tSt'=™^P.+i(t™^) - (-l)^g'="tSt'=™^P.+i(?"t'"^) + S,^oas+i,-kq-''"'^''"'''p) ■ V-s-i = 0. (3.7) 
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This proves the first equation in the claim for z = s + 1. 

Using (3.3), (3.6) and induction, we deduce that for any Z, A; G Z, n,r G Z2, 

_ ^_-|^^r^— miimi2+femi2m2i— imiim22+'fcm2im22 ^^n+r^(/+A;)m2p _^i(t'^^'^ 
= 0, 

since . v_,_i G Hence by (3.2), 

^r^-mi+fem2p^^^(im2) . ^ Q for all r G Z2, G Z, 

which implies the second equation in the claim for i = s + 1. Therefore the claim follows by 
induction. 

Prom the second equation of the claim and (3.1), we see that 

dimF_,_i < 2deg(P,+i(f™2)) • dimF,, V s G Z+, 

where deg{Ps+i{t"^^)) denotes the degree of polynomial Ps+i{t^^). Hence M'^{iJ;, mi, m2) G Oz- 
Similarly we can prove the statement for M~{ijj, rtii, m2). □ 

Theorem 3.2 Let m2i be an even integer. Then M^{il), mi, m2) G Oz if md only if there 

exist 6g , 6^^ , • • • , , , b^^ ,...,bg\,---, 6^ ,b^^,---, l^l & C for j e Z2, and ai, ■■■ ,ar e 
C* such that for any i G Z*, j G Z2, 

(bg + 6gi + • ■ ■ + 6gz^0ai + ■ ■ ■ + (fe^) + bgi + ■ ■ ■ , 6^£i^-)4 

(1 - (-I)jg«a)g2»^"*2im22 

W)=6S+«^ + --- + e 

V'(i^i°) = ^(6^0^ + +6^0^ + --- + 6S), and V("^2ici + msaca) = 0, 

where a = miim22 — 'tz2i'tii2 S {±1} and /3 = muCi + mi2C2. 

Proof Let /^-i = V((l - (-l)-'g^")g^^'"'2im22^i^im2^ for j g Z2, z G Z* and /o,o = 

V'(/3), /i,o = ^^(2^0^°)- By Lemma 3.1 there exist complex numbers oq, ai, • • • , with aoa^ 7^ 
such that 

n 

^a^g-^^'™^^™^V,,/c+^ = 0, yke Z,j G Z2. (3.8) 

i=0 
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1 -2 

Denote 6j = a^q''^'^ m2im22 Then the above equation becomes 



Y,hfj,k+i = ^^ VfcGZ,jGZ2. (3.9) 



1=0 

Suppose ai, • • • , are all distinct roots of the equation YL^=o — ^ with multiplicity si + 
l,---,Sr. + 1 respectively. By a well-known combinatorial formula, we see that there exist 

' ^li r--,bi\,---, bl^^ , bl^^ , • • • , bPsl e C for J G Z2 such that 

hi = (4? + + • • • + b^l^M + ■■■ + + b^^i + ■■■, bl^lf^)ai, V z G Z. 
Therefore, for any i G Z*, j G Z2, 

.^.^ ^ (6g + + • • • + biil^-'Oal + • • • + (^i^^ + + • • • , biili^^)^ 

° (1 _ (_l)igia)g|j2^2im22 

m = ho = bfS + bf^ + ■■■ + 6^ , and 

Mt"") = /i,o = + +4? + • • • + ^^^o^ 

Thus we obtain the expression as required. This direction follows. 
Set 



Q{x) = Hix - aiy^+^ = ^ hx' G C[x], fj,i = (1 - {-iyq'^)qh''^^^^^^^{4f'^^), 
i=l i=l 

for j G Z2, i G Z*, and set 



/o,o = ^(/?), /i,o = 2V'(tit"). 

Then one can verify that (3.9) holds. Let Oj = gl'''"2im22^._ Qj^g deduces that (3.8) holds. Thus 
(3.5) holds for P^f^^) = X^"=o ^i^**"^ • Therefore this direction follows by using Lemma 3.1. □ 

Lemma 3.3 // m2i is an odd integer, then M+()U, ■0, mi, m2) G Oz if and only if there 
exists a polynomial P(i™2) = ELo^i*^'"^ ^ C[t™2] mth 

aoo-n 7^ such that for any A; G Z and 

V G Vo, 

j^^0^2fcm2p(-^m2) _ ^2fca^0^2fcm2p(^a^m2) + fl-feg-^'^'^^imaa^^ ■ -y = 0, (10) 

tlt'"^^P{t"'^) ■ V = tlt^'^^P{q''t'^^) • = 0, (12) 
where = ^/ A; {0, 1, • ■ ■ ,n}, and a = mum22 — rni2m2i, P = TiiiCi + mi2C2. 
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Proof "^>" . Since Vq is a finite dimensional irreducible Lo-module, we have Vq = V{fi, ip) 

as Lo-modules by Theorem 2.5. Since li. = (tjt^'^™^ | A; G Z) is an Abelian Lie subalgebra of Lq, 
we can choose a common eigenvector vq E Vq oi H. First we prove the following claim. 

Claim 1 There is a polynomial Pe(t™^) = E"=o Oi^^'™^ with anOo 7^ such that 

(t^t2'=™2Q(t™2) - g2fe«t0t2fem2g(^a^m2) ^ ^^^^ • = 0, 

j^^l^(2fc+l)m2g(^m2) _ (_i)mii^(2fc+l)a^0^(2fc+l)m2g(^a^m2)^ • 1^0 = 0, (13) 

for all A; G Z and ^ C[i=^2m2j ^j^i^ Pe(t™2) | ^here oq is the constant term of 

To prove the claim, since dimF_i < oo, there exist an integer s and a polynomial Pe(i™2) = 
EiLoa**^'™^ G C[i™2] with aoOn 7^ such that 

^0^-mi+2.m2p^^^m2) • i;0 = 0. (3.14) 

Applying ^0i"ii+2fem2 Jqj. g^j^y ^ z to the above equation, we have 

= t0^mi+2fem2 . ^0^-mi+2sm2p^(^m2) . 

_ ^Q^|-^0^mi+2fcm2 ^2im2i(-mi2+2sm22)^0^-mi+2(s+i)m2j . 
1=0 

— miimi2— 2fcm22niii+2smi2m2i+4fcsm2im22 s. 

— q A 

X (tgi2(*^+^)™2Pe(t'"') - 9^("+'=)"tgt^^*^+')'"2Pe(9°t'"') + a-jk-.g-^^^^+^^'^^^i^^^^^) • Vo. (15) 

Now applying t^t™i+2A;m2 Jqj. g^^y A; G Z to (3.14), we have 

71- 

_ ^ ^^j-^l^mi+2A;m2 ^2jm2i(-mi2+2sm22)^0^-mi+2(s+i)m2j . 
1=0 

^— miimi2— 2A;m22'nii+2smi2m2i+4fcsm2im22 w 

— g X 

X (|4i^^^+'^™'^'e(i™') - (-l)"'"g2(^+^)"4*^^^^^^™'^e(9"i™')) • ■ye- (16) 
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By applying t0^mi+(2fc+i)m2 ^^^^ ^i^mi+(2fe+i)m2 to (3 respectively, one gets that 

= i0^mi+{2fe+l)m2 . ^0^-mi+25m2p^^^m2) . 

— miimi2— (2fe+l)miim22+2smi2m2i+2s(2fe+l)m2im22 

— y 

X (i0i(2fc+2.+l)m2p^^^m2) _ ^(2fc+2.+l)a^0^(2fe+2.+l)m2p^(^a^m2) j . (^7) 

= iltmi + (2fc+l)m2 . (^0^-mi+2sm2p^(^m2)) . 

— miimi2— (2fe+l)miim22+2smi2m2i+2s(2fe+l)m2im22 

— q X 

X (^t^t(2fc+2s+l)m2p^^^m2) _ ^_i)mii ^(2fe+2s+l)a^0^(2fe+2s+l)m2p^(^a^m2)^ . (^^g) 

So we have 

J^^0^2fcm2p^(^m2) _ ^2feQ^0^2fcm2p^(^a^m2) _^ a^^q-^k^m2im22 f]^ ■ Vq = 0, 
f^l^2km2p^(j.m2-^ _ (_i)mn^2fea^l^2fcm2p^(ga^m2)^ • = 0, 
j^^0i(2fc+l)m2p^(im2) _ ^(2fc+l)a^0i(2fc+l)m2p^(gaim2)^ ■ Vq = 0, 
j^^l^(2fc+l)m2p^(^m2) _ (_i)mii^(2fc+l)a^0^(2fc+l)m2p^(^a^m2)^ • = 0, 

for all A; G Z, which deduces the claim as required. 

On the other hand, we can choose an integer s and a polynomial Po(t™^) = X^^Lo '^j*^'™^ ^ 
C[t™2] with aoan + such that 

^0^-mi + (2s+l)m2p^^^m2) . = Q, 

since diml/_i < oo. Thus by a calculation similar to the proof of Claim 1, we can deduce the 
following claim. 

Claim 2 There is a polynomial Po(i™2) = YTi=Q Oj*^'™^ with anOo 7^ such that 

(tgt2fcm2g(^m2) _ ^2fca^0^2fcm2 g(^a^m2 ) ^ • i;o = 0, 

J|^0^(2fc+l)m2g(^m2) _ ^(2fe+l)a^0^(2fc+l)m2 g(^a^m2 )^ • t;0 = 0, 

j^^l^(2fe+l)m2g(^m2) _ ^_i)mn+l^(2fc+l)a^l^{2fe+l)m2g(^a^m2) j . = Q, (19) 

for ah A; G Z and g C[i=^2m2] ^j^^^ Po(t™2) | ^here aq is the constant term of 
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Let P(t™2) = YJi^^ a^i^ima be the product of Po{f^^) and Pe We see that both (3.13) 
and (3.19) hold for P(t™2). Thus one can directly deduce that both (3.10) and (3.12) hold for 
P(f™2) and vq ^Vq. Since vq is a eigenvector of t}^, we have 

and 

which deduces (3.11) for P(t™2) and vq. 

Prom the definition of Lie subalgebra Lq, one can easily deduces that if (3.10)-(3.12) hold 
for any v eV, then they also hold for fg**^™^ • V s G Z/2Z, A; G Z. This completes the proof 
of this direction since Vq is an irreducible Lo-module. 

We first show the following claim by induction on s. 

Claim 3. For any s G Z+ , there exists a polynomial Psit""^) = J2jez OsJ*^^""^ € C[t^'^2j 
such that 

^^0^2fcm2p^(-^m2) _ ^2fca^0^2fcm2p^(ga^m2) + -feg-^*'™2im22^^ . = Q, 

^0^(2fe+l)m2p^(im2) . ^ ^I^fem2p^(-^m2) . ^ Q, 

^r^-mi+fcm2p^(^m2) . V_s = 0, V r G Z2, G Z. 

By the assumption and the definition of Lo-module Vq, one can deduce that the claim holds 
for s = with Po(t™2) = P(t™2) Suppose it holds for s. Let us consider the claim for s + 1. 
The equations in the claim are equivalent to 

{4Q{t^n - t^Qiq'^t"'') + agP) ■ F-. = 0, 

^0^(2fe+l)m2Q(^m2) . ^ ^l^femag^^ma) . ^ q, 

i[,i-™i+'=™2Q(t™2)-F_, = 0, VrGZ2,feGZ, (20) 
for any Q(i™2) ^ dt^^"""] with Ps(t™2) | Q(t™2), where ag is the constant term of Q(t™2). 

Let Ps+i(t'"2) = P^{q°'t"'^)Ps{t'^'')Ps{q~'^t'^''). For any p,r G Z2, j,k G Z, using induction 
and by (3.20) we have 

J^^0^2fem2p^^^(^m2) _ g2fca^0^2fcm2p^^^(^a^m2) ^ ^^^^ _^^-4fe2m2im22^^ . fP^f-rm+jm^ . 
= i0t2fcm2p^^^(^^m2^ _ ^2fca^0^2fcm2p^^^(ga^m2^ ^ a,+i _fcg-'=''"2im22^^ iPi-mi+im2l . 
= g2fem22(-mii+jm2i) ^^P^-mi+(2fe+j)m2 ^P^^^(g-"tm2) _ 2g2fe°P5+i (t™2 ) + g^'^^Ps+i (g"t'"2 )^ ^ . V_ 

= 0, 
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Thus, by (3.1), we obtain that 
Similarly, one can prove that 

^0^(2fc+l)m2p^^^^^m2-) . y_^_^ ^ ^I^fcm2p^^^(^m2) . y_^_^ ^ V G Z. (3.22) 

This proves the first two equations in the claim for s + 1. 

Using (3.21), (3.22) and induction, we deduce that for any l,k &Z, n,r & Z2, 

= ^_]^'jr(mii+;m2i)g-miimi2+A;mi2m2i-imiim22+ifcm2im.22 ^i^+''i('+'^)™2p^_|__|^^^m2^ 
_ ^_ +nk+rlq(k+l)a^n+r^{l+k)in2 p^^^ ^ga^m2 ^ 

= 0. 

Hence, by (3.2), 

^r^-mi+fem2p^^^(^m2) . y_^_^ ^ 

for all r G Z2, k E Z,, which implies the third equation in the claim for s + 1. Therefore the 
claim follows by induction. 

Prom the third equation of the claim and (3.1), we see that 

dimF_,_i < 2deg(P,+i(t™2)) ■ dimF,, V s G Z+, 

where deg(Ps+i(i™^)) denotes the degree of polynomial Ps+i{t"^'^). Hence M+(F(//, -0), mi, m2) 
G Oz. □ 
Theorem 3.4 Let m2i be an odd integer. Then M^{fj,,ip, mi, 10.2) G Oz if and only if 
there exist biQ, bu, - ■ ■ , bis^ , 620, b2i, • • • , 6252, ' ■> brO, bri, ■ ■ ■ , brsr G C and ai, - ■ ■ ,ar e C* such 
that for any i G Z*, j G Z2, 



^2im2N ^ (bio + bni + ■■■ + bisii^^)a\ + ■■■ + {brp + brii + ---, brsj^'-)a: 

V'(/3) = 610 + ^20 H 1- bro, and V'('T^2lCl + ?"'22C2) = 0, 

where a = m\im22 — 1^211^12 G {±1}- 
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Proof Let fi = ip{{l - q^i^)q^^rn2im22iyiircv2^^ ■ g 2* and /o = By Lemma 

3.3, there exist complex numbers ao, ai, • • • , a„ with aoa„ 7^ such that 



n 

-2i? 



j=0 

Thus, by using a technique in the proof of Theorem 3.2, we can deduce the result as required. 
Set 

r V V n 

Q{x) =[j{{x- a,r+') (J{{x- a,)) (j{{x - q^'^a,)) =: ^ 6.x\ 
j=i j=i j=i 1=1 

and 

/i = V((l - g2ia^^2i2„,2im22^0^2im2^ , V i G Z*, /q = 

Then one can easily verify that 



n 



^6,/fc+, = 0, VfcGZ. (3.23) 



Meanwhile, we have (nj=i(^ ~ %)) I x^Q{x) and (ni=i(^ ~ %)) I x^Q{q^^x) for any /c € Z, 



which deduces 



6ig^(2»+2fe+l)'m22m2i^s^{2i+2fe+l)m2 . = Q, (24) 

i=l 

n 

5.g2ia^i(2i+2fc+l)2m22m2i^.^(2i+2fc+l)m2 . = 0, V S G Z2, (25) 



and 

n 

Y 5ig2(i+fc)2m22m2i^l^2(i+fc)m2 . = Q, (26) 
n 

Y 6ig2iag2(i+fe)2m22m2i^l^2(i+fe)m2 . VJ, = 0, (27) 
1=1 

by Remark 2.6. Let b'^ = g2i2m2im22 5. for < i < n and P{x) = Y.1=i ^'i^' ■ (3.23) and the 



19 



construction of V{fj,,ilj), we have 



^^0^2fem2p(^2m2) _ ^2fca^0^2fem2p(^2a^2m2 ) + J,/_^^-4fc2m2im22^~J . 

_ g—2k'^m2im22^f ^ fj.^^l _ g2(fc+i)a-jg2(fc+«)2m22m2i^0^2(fc+i)m2 _j_ ^ . ^ 

1=1 

= 0, 

which deduces (3.10). Similarly, we have, for any fc G Z, 



^s^(2fc+l)m2p^^2m2^ . ^ _ ^ ^^^(2i^+4fcj+2i)m2im22^s^(2fc+2i+l)m2 . 







^-2fe2-2A;-i ^ ^.^i(2A;+2i+l)2m2im22^s^(2fc+2i+l)m2 . 



and 

n 

^s^(2A;+l)m2p^g2o^2m2-| . ^ = ^ ^^^2ia+(2i'^+4fci+2i)m2im22^s^(2fc+2i+l)m2 . 

i=l 

^ ^-2fc2_2fc-i ^ ^.^2iagi(2A;+2i+l)2m2im22^s^(2fc+2i+l)m2 . 

= 0, 

by (3.24) and (3.25) respectively. Now one can easily deduce the following equation 
^ipm2p(^2m2~) .y^ ^0, and tlt'^''"'^ P{q'^''t'^"'') ■ Vq = 0, 

by using (3.26) and (3.27) respectively. Therefore (3.10)-(3.12) hold for P{t'^'^^) = ^"=1 ^'•t^^™^ 
Thus M+{fi, ip, mi, m2) G Oz by Lemma 3.3. □ 

Remark 3.5 A linear function tp over Lq having the form as described in Theorem 3.2 
is called an exp-polynomial function over Lq . Similarly, a linear function over A having the 
form as described in Theorem 3.4 is called an exp-polynomial function over A. 

§4 Classification of the generalized highest 
weight irreducible Z-graded L-modules 
Lemma 4.1 If V is a nontrivial irreducible generalized highest weight Z-graded L-module 
corresponding to a Z-basis B = {bi,b2} ofZ?, then 

(1) For any v there is some p G N such that f*f"*ibi+m2b2 . y = q Jqj- qH mi,m2 > p and 
i G Zs. 

(2) For anyOj^veV and mi, m2 > 0, i e Z2, we have i^i-'nibi-m2b2 .y^o_ 
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Proof Assume that vq is a generalized highest weight vector corresponding to the Z-basis 
B = {bi,b2}of Z2. 

(1) By the irreducibiUty of V and the PBW theorem, there exists u G U{L) such that 
V = u ■ Vq, where n is a hnear combination of elements of the form 

where, " • " denotes the product in U{L). Thus, we may assume u = Un- Take 

Pl = - ^is + l, P2 = -^js + 'i- 

is<0 js<0 

By induction on n, one gets that tQp^^'^^^'^ • v = for any A; G Z2, i > pi and j > p2, which gives 
the result with p = m.ax{pi,p2}- 

(2) Suppose there are ^ v eV and z G Z2, mi, m2 > with 

Let p be as in the proof of (1). Then 

^j^-mibi-m2b2 ^^bi+p(mibi+m2b2) ^j^b2+p(m.ibi+m2b2) yj g 

act trivially on v. Since the above elements generate the Lie algebra L. So y is a trivial module, 
a contradiction. □ 

Lemma 4.2 If V E Oz is a generalized highest weight L-module corresponding to the 
Z-basis B = {bi,b2} of 2? , then V must he a highest or lowest weight module. 

Proof Suppose y is a generalized highest weight module corresponding to the Z-basis 
{bi = feiimi + 6i2m2, b2 = &2imi + ^22^2} of 7?. By shifting index of Vi if necessary, we can 
suppose the highest degree of V is 0. Let a = 611 + 621 and 

p{V) = {meZ\Vm^Q}. 

We may assume a 7^ 0: In fact, if a = wc can choose b'^^ = 3bi + b2, h'2 = 2bi + b2, then 
y is a generalized highest weight Z-graded module corresponding to the Z-basis {b']^,b2} of Z^. 
Replacing bi,b2 by b']^,b2 gives a 7^ 0. 

Now we prove that if a > then 1/ is a highest weight module. Let 

A = {i e Z I z + aj G p{V)}, yO<i<a. 

Then there is G Z such that Ai = {j € Z \ j < nii} 01 Ai = Zi by Lemma 4.1(2). 
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Set b = bi + b2. We want to prove ^ 7^ Z for all < z < a. Otherwise, (by shifting the 
index of Ai if necesary) we may assume .4o = Z. Thus we can choose Vj E Vaj for any 
j G Z. By Lemma 4.1(1), we know that there is p^j > with 

^fe^sibi+.2b2 . ^. ^ 0, V Si, S2 > Pv^, k G Z/2Z. (4.1) 

Choose {kj G N | j G N} and G Vakj such that 

kj+i>kj+p^,.+2. (4.2) 

We prove that {igt^^^^ ■ v^. \ j G N} C Vq is a set of linearly independent vectors, from which 
we can get a contradiction and thus deduces the result as wc hope. 

Indeed, for any r G N, there exists G N such that t^t^^^^'^v^^ =0, Vx > by Lemma 
4.1(1). On the other hand, we know that t^t^^^^^ ■ Vk^ ^ for any a; < — 1 by Lemma 4.1(2). 
Thus we can choose > — 2 such that 

tgi^'-b+bl . ^ 0, ■ Vk^ = 0, Vx > Sr. (4.3) 

By (4.2) we have kr + Sr — kj > p^^ for all 1 < j < r. Hence by (4.1) we know that for all 
1 < i < r, 

^0^(kr+Sr)b+bl . fO^-kjh . 

= [tOt(fc^+«-)b+bi^^O^-fc,b] .^^^ 

= q-kji(kr+Sr)(b[^+b'22)+b[2)(b'il+b'2i)(^l - qkj{b[2b2i-b[ib'22)'^f;0fikr+Sr-kj)h+hi .y^ 

= 0, 

where 

^'11 = b\imi\ + 6i2m21, 6^2 = ^'11^12 + ^12?«22, b'21 = ^2l"lll + ^22"l21, ^22 = ^21?Tll2 + ^22"i22- 

Now by (4.2) and (4.3), one gets 

^0^(fe.+6v)b + bi . fO^-krh . 

= g-fer({fcr+Sr)(6i2+&22)+6i2)(6il+''2l)(l - gA;r(6i2&21-&il6'22))t6fSr-b+bl . 

Hence if Yl]=i -^j^o*"*'^^ ' '^kj = then A„ = A„_i = • • • = Ai = by the arbitrariness of r. 
So we see that {tQ*"'^-'^ • \ j G N} C Vb is a set of linearly independent vectors, which 
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contradicts the fact that V G Oz- Therefore, for any < i < a, there is G Z such that 
Ai = {j eZi \ j < rrii}, which deduces that F is a highest weight module since p{V) = [J'^Iq Ai- 
Similarly, one can prove that if a < then F is a lowest weight module. □ 

Prom the above lemma and the results in Section 3, we have the following theorem. 

Theorem 4.3 V is a quasi-finite irreducible Z-graded L-module if and only if one of the 
following statements hold: 

(1) V is a uniformly bounded module; 

(2) // m2i is an even integer then there exists an exp-polynomial function over Lq such that 

y ^ M+(V',mi,m2) or 1^ ^ M-(V', mi, ms); 

(3) If m2i is an odd integer then there exist an exp-polynomial function ip over A, a finite 
sequence of nonzero distinct numbers ji = (oi, • • • ,ai,) and some finite dimensional irre- 
ducible sl2-modules Vi, - ■ ■ ,Vi, such that 

y = M+(//,V',mi,m2) or F = M"(//, V', mi, m2). 

Theorem 4.4 (Main Theorem) If V is a quasi-finite irreducible Z-graded L-module 
with nontrivial center then one of the following statements must hold: 

(1) // 77121 is an even integer then there exists an exp-polynomial function over Lq such that 

F ^ M+(V',mi,m2) or V = M~ {ip,mi,ni2); 

(2) // m2i is an odd integer then there exist an exp-polynomial function ip over A, a finite 
sequence of nonzero distinct numbers n = (ai, • • • ,ai,) and some finite dimensional irre- 
ducible sl2 modules Vi, - ■ ■ ,Vi, such that 

F ^ M+ (//,'(/', mi, m2) or V = M~ {^,ip, mi, 1112). 

Proof By Theorem 4.3, we only need to show that V is not a uniformly bounded module. 
Prom the definition of Lie algebra L, we see that Hi = (igt'^''"', mjici + mj2C2 | k G Z*), i = 1,2 
arc Heisenberg Lie algebras. As F is a quasi-finite irreducible Z-graded L-module, we deduce 
that m2iCi-|-m22C2 must be zero. Thus, by the assumption, we have that miiCi-|-mi2C2 7^ since 
{mi, m2} is a Z-basis of Z^. Therefore, V is not a uniformly bounded module by a well-known 
result about the representation of the Heisenberg Lie algebra. □ 

We close this section by showing that nontrivial modules M~^(ip, mi, m2), M~^(iJ,, tp, mi, m2) 
are not uniformly bounded and not integrable. 

Theorem 4.5 Nontrivial module M+('0, mi,m2) or M+(^, ■0, mi, m2) is not uniformly 
bounded. 
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Proof Set V = M+('0, mi, 1112) ovV = M+(/x, V', mi, and V = ®kez+V-k- Since V is 
not trivial, there exist vq eVq, k e Z* and / G Z2 such that t^t^"^'' -vq^O. Thus 

= ^_l^'"iiigf"i2(-"iii+A;m2i) _ qmii{-mi2+km22)^^l^^km2 . ^ Q, 

which deduces that • fo / 0. 

Next, we prove that if 7^ v^m ^ ^-m then tgi^"^^ ■ v^m 7^ 0. Suppose t^t'"^^ ■ v^m = 
for some 7^ £ ^-m- From the construction of V, we know that i^i(™+i)i"i±ni2 ^jgQ g^^^ 
triviahy on v^m for any Z € Z2. Since L is generated by tQt~"^^, i^i(™+i)nii±rn2^ i = 0, 1, we see 
that y is a trivial module, a contradiction. 

Set 

^ = {{4t-"''y ■ t[^t^-n+j)rm+km2 . | Q < j < n} C F_„, V n G N. 
Now we prove that ^ is a set of linear independent vectors. If 

n-l 

^ Aj(tgr'"i)^'4i(-"+^')'"i+'='"2 ■Vo = 0, 

j=0 

then for any 0<i<n — Iwe have 

n-l 

= g™(«-0"^ll"^l2-fe("-i)"il2m2i^0^(n-i)mi . ^ ^ . -jj . ^|^^{-n+j)mi+fem2 . 

i 

_ ^ ^^ .qj{n-i)miimi2 ^^_-\^y{n—i)mii _ qk{n-^)a^J^^O^-mly . ^/ ^(j-«)mi+fcm2 . 

i=o 

where a = miim22 — 'mi2m2i-, which deduces Aq = • ■ ■ = A„_i = 0. Hence ^ is a set of linear 
independent vectors in V-n and thus 

dimF_„ > n. 

Therefore V is not a uniformly bounded module by the arbitrariness of n. □ 

In [21], Rao gives a classification of the integrable modules with nonzero center for the core of 
EALAs coordinatized by quantum tori. We want to prove that the L-modules constructed in this 
paper are in general not integrable. First we recall the concept of the integrable modules. Let r 
be the Lie algebra defined in Section 2. A r-module V is integrable if, for any v and m G Z^, 
there exist ki = ki{\n.,v),k2 = k2{m.,v) such that {Ei2{t'^)f^ ■ v = (-B21 • f = 0. Thus 

by Proposition 2.1, an L-module V is integrable if, for any v & V and m = (2mi + 1, 777,2) £ Z^, 
there exist ki = ki{in,v),k2 = fe2(m, f) such that 

(i^t™ + 4*")*^! ■v = = (tgt™ - tit"')''' ■v = 0. 
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Theorem 4.6 Nontrivial modules M+(^, mi,m2) or M+(/x, ■0, mi, is not integrable. 

Proof Set V = M+(-i/', mi, or V = M+(/i, V', mi, m2) and V = ®keZ+V-k- Choose two 
positive integers a and b such that m = ami + 5m2 =: (2k + 1,1). Let vq G Vq be an eigenvector 
oit},. Then we have 

by the construction of V. On the other hand, by using the isomorphism (p defined in Proposition 
2.1, we have 

(^(tgt™ + tit"') = 2£;2i(C'^'0> Vit^ot"" - = 2q-"''Ei2itrt^'), 

and 

ififot-"' + tit-"") = 2E2i(t-'^H-'^^), Vit^ot-"" - tit-"') = 2g"^2+l£;^2(i-mi-l^-m2) 

Thus, by a weh-known result on the si2-niodules, we see that if V is integrable then 

tl-vo = 0, it^t-"' + tit-"') ■vo = 0, it^t-"' - tit-"') ■vo = 0. 

So tgi""^, tjjt-"' act trivially on vq. On the other hand, the construction of V shows that 
^i^2m±mi^ ^i^^2m±m2 g^^^ trivially on Vq. Thus L acts trivially on vq since L is generated by 
igi"™, tit-"', t\fi^"'^"'\ tit^"'^"'K Hence F is a trivial L-module, a contradiction. □ 

§5 Two classes of highest weight Z^-graded L-modules 

In this section, we construct two classes of highest weight quasi-finite irreducible Z^-graded 
L-modules. For any highest weight Z-graded L-module V = ©fegz+^-fe, set Vz2 = V® C[a;^^]. 
We define the action of the elements of L on Vz^ as follows 

where w G V, i G Z2, r,m,n G Z. For any G V-k, we define the degree of V-k ® to be 
— fcmi -I- rm2. Then one can easily see that Vz2 becomes a Z^-graded L-module. Let W be 
an irreducible Z-graded Lo-submodule of Vq ® C[x^^]. We know that the L-module ^72 has 
a unique maximal proper submodule Jw which intersects trivially with W. Then we have the 
irreducible Z^ graded L-module 

Vz^/Jw 

Now by Theorem 4.3, we have the following result. 

Theorem 5.1 (1) If 17121 is an even integer then M^2{''P,^i,^2)/ Jw is a quasi-finite 
irreducible 7? -graded L-module for any exp-polynomial function ip over Lq and any irreducible 
Zi-graded L^-submodule 0/ Vq (8) Cfx^"*^]. 
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(2) // m2i is an odd integer then M^2{t^,'4'j'"^ij^2)/ Jw is a, quasi-finite irreducible T?- 
graded L-module for any exp-polynomial function tp over A, any finite sequence of nonzero 
distinct numbers fj, = (ai, • • • , 0,^), any finite dimensional irreducible sl2-modules Vi, - ■ ■ ,Vi, and 

irreducible Z-graded L^-submodule W ofV{iJ,,ip) (8) C[a;^^]. 

Remark 5.2 Since Vq (g) C[x='=-'^] and V{^,ijj) (8) C[a;='=^] are in general not irreducible Lq- 

modules, M^2{'4'j^1:^2) and M^2{l^,il^,i^i,^2) are in general not irreducible. For example, 
if m2i is an even integer then we can define an exp-polynomial function i/; over Lq as follows 

(1 _ (_l)igia)g^'^"i2im22 ' " ' 2 

One can check that = (8) C[a;^^] is an irreducible Z-graded Lo-submodule of vo (8 C[a;^^]. 
Thus the Z^-graded L-module M22('0) ^2) corresponding to this function ijj is not irre- 
ducible. Suppose m2i be an odd integer. Let Vi be the three dimensional irreducible sZ2-module 
with the highest weight vector V2- Denote £^21 " ^2 and (-©21)^ • "^2 by vo,V-2 respectively. Then, 
for |U = (1), the exp-polynomial function ^ = over A and the sZ2-module Vi, one can see that 

W = {v2 (S) x'^'' \ k £ Z) (B {v^2 ®x^^ \keZ)® {vq ® x^^^'^ \k€Z), 

is an irreducible Z-graded Lo-submodule of V{^,il}). Thus the corresponding Z^-graded L- 
module M22(At, '0, mi, m2) is not an irreducible module. 
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